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Abstract | In this pap er, we study the perfor-
mance of packet concen trators with input queueing.
A recen t concen trator mo del giv en by G •und •uzhan and
Oru�c considers packet concen trators with di�eren t in-
put and output packet rates and giv es a minim um
crossp oin t complexit y construction for bu�ered sparse
crossbar concen trators. W e use this mo del as a basis
for the performance evaluation of concen trators whic h
queue packets at the inputs and have di�eren t input
and output packet rates. It is shown that for input
queueing, with constan t size packets and indep enden t
batc h arriv als, the best performance can be repre-
sented by a GI [x] /D/ c queueing system. Using this
result we pro vide explicit solutions for the probabil-
it y distribution of queue occupancy and packet dela y
for binomial packet arriv als. Go od tail appro xima-
tions for quic k calculations of bu�er size and packet
dela y for a giv en probabilit y of packet loss are also
giv en.

I. Intr oduction

Concentration is the processof combining a large number of
low speed lines into a few high speed lines. An n � m circuit-
switching concentrator (m 6 n) can connect any k inputs
to some k outputs, where k 6 m and there is a one-to-one
correspondence between the k inputs and k outputs. For
packet switching, concentration can be interpreted in more
general terms to define a broader classof connection patterns.
Specifically, an n � m packet concentrator with concentration
capacity c can route up to c packets to its outputs at a time.
Concentration capacity, c, is the maximum number of packets
which can be concentrated at a time. It should be noted that
now concentration is defined with respect to packets. Hence,
there is no requirement of one-to-one correspondencebetween
the inputs and the outputs to which packets are routed. Thus
multiple inputs can share an output and vice-versa enabling
more general connectivit y patterns for packet concentration
over circuit concentration. Concentration is an important and
basic function in packet switching architectures due to the fact
that conceptually a packet switch can be expressedas a com-
bination of distributors and concentrators. Distributors serve
to separatethe tra�c streams at an input to di�eren t outputs
and concentrators collect the di�eren t streams coming to an
output. This concept can be extended to even a structure
as basic as a crossbar, where the set of crosspoints which are
connected to an output port can be considered to make up
a concentrator, [1]. In fact, many switches explicitly incor-
porate concentrators and distributors as physical devices, the
Multinet switch in [2], [3] and the self-routing switch in [4] are
examplesof such designs. Concentrators are also usedto limit
the packet loss in switches, using what is called the \kno ck-
out" concept. The basic logic behind using concentrators to
limit packet loss is that, at any time, it is highly unlik ely that
more than a certain number of inputs (say k) will have packets
addressedto a single output. Thus, up to k packets can be
concentrated at each output and if in the unlik ely casemore
than k packets arriv e, the excesspackets can be discarded (or
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\kno cked out") while keeping the loss probabilit y low. This
concept of knocking out packets is used as a basis to build
output queued switches [5], [6]. There is an extensive body of
work on the analysis of circuit switched concentrators. Many
bounds have been derived for quantities lik e crosspoint com-
plexit y and routing delay [7], [8] and the structures required
achieving for such boundsare well-understood in terms of their
complexity.

Despite the significance of concentration in packet switch-
ing architectures, the literature on it is limited. Work related
to packet concentrators has mainly been done on two tracks:
1. Performance Analysis of Concentrators in Context of

Switching
Recent e�orts have refined the knockout concept [9] and

intro duced more e�cien t switching fabrics [10] with similar
packet loss properties, but all the analysis has been done
in the context of using concentrators as part of a switch
based on some form of the knockout principle. Research
has focused mainly on determining the queueing delay,
throughput and other performance measures for overall
switch structures of which concentration forms only one
part [11], [12]. In a concentrator, the incoming packets
do not need to be routed to a specific output, concen-
tration is carried out as long as they are routed to some
output, and in this respect, concentrators fundamentally
di�er from switches and this a�ects basic measures lik e
the probabilit y of loss and average packet delay. More-
over, concentration is an important operation in routing
tra�c and needsto be analyzed independent of its role in
a network switch. A particular solution to multiple server
queues with application to ATM concentrators has been
developed in [13], but no study has been done of the per-
formance of a packet concentrator by itself, which takes
into account di�eren t input, switching and output speeds
and the related connection pattern.

2. Construction of Concentrator Structures
Explicit constructions for packet concentrators are few,

and even these relate to specific topologies lik e the knock-
out concentrator [5], or shared bu�er concentrators [2].
There has been little attempt to build a theoretical ba-
sis for arriving at packet concentrator structures in a me-
thodical way. A bu�ered network model suitable for con-
structing a specific class of such concentrators viz sparse
crossbarshasbeenintro duced only recently by G•und•uzhan
and Oru�c [14]. This model considersbulk arriv als and dif-
ference in input and output packet rates and switching
speeds, leading to crossbar concentrator structures that
minimize crosspoint complexity. Since the construction is
in terms of crosspoints it can be used as a basis for mod-
eling even non-optimal physical implementations lik e the
knockout concentrator constructions of [9] and [15]. But
G•und•uzhan and Oru�c in [14] have left the issueof quanti-
fying the packet lossopen when the concentration capacity
c is exceeded. Since the model is for minim um complex-
it y crossbars, the connection pattern is sparse and non
uniform. Thus, contention amongst inputs for an output
can develop due to non availabilit y of crosspoints. In such
a situation the specific scheme used for concentration of
packets and bu�ering of excesspackets greatly a�ect the
performance, these issuesare also left unaddressed.

In this paper we present an analysis of the performance of
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Fig. 1: Concentrator model with v = 3 and w = 4.

sparse crossbar packet concentrators. This analysis is based
on a theoretical model [14] which formulates explicit optimal
constructions for packet concentrators with designparameters
as number of inputs, number of outputs, input packet rates,
output packet rates and concentration capacity c. Therefore,
we are able to relate all these quantities and the structure to
the performance of the concentrator. An analysis of the best
possible performance of the concentrator when excesspack-
ets are bu�ered at the inputs is developed for independent
arriv als and FIF O service discipline at the inputs. We show
that this system is the sameasa sharedbu�er implementation
of the concentrator which can be mathematically represented
as a multi-serv er discrete time queue. The performance of the
shared bu�er is evaluated by getting explicit expressionsfor
the probabilit y distribution of bu�er occupancy and packet
delay via both analytical queueing analysis results and simu-
lations in C. The organization of the paper is as follows: In
Section I I we intro duce the packet concentrator model and
the model for the input queueing process. In Section I I I we
present the Mark ov chain model for the queueing processand
analyze it using probabilit y generating functions. Section IV
discussesresults from the analysis and simulations. Section V
concludes the paper and outlines the future work to be done.

I I. Buffered Concentra tor and Queueing
Models

We �rst describe the bu�ered concentrator model and then
intro duce the queueing model used to interpret the bu�ered
concentrator model in terms of packet arriv als and departures.

A. Bu�er ed Concentrator Model
A bu�ered (n; m; v; w; c)-concentrator, denoted by
Q(n; m; v; w; c), is an n-input, m-output network with a
bu�er of size v at each input and a bu�er of size w at each
output. The parameters should satisfy c 6 mw 6 nv. In
a Q(n; m; v; w; c) any p 6 c packets at any p input bu�er
locations can be routed to some p output bu�er locations.
When c = mw, the network is called a full capacity bu�ered
concentrator, and is denoted by Q(n; m; v; w). A special case
of a bu�ered concentrator, called a bu�ered sparse crossbar
concentrator arises when we restrict the number of switches
between the input bu�ers and output bu�ers to 1.

When new packets are constantly arriving, we interpret the
input and output bu�er parameters as the packet rates seen
at the inputs and outputs. Thus the input bu�er size, v, is
interpreted as an input packet rate of v packets per unit time,
which is the maximum number of packets which can arriv e
at an input in one unit of time (the unit of time chosen is
arbitrary , we can scalethe number of packet arriv als according
to it). Similarly , the output bu�er size, w, is interpreted as
an output packet rate of w packets per unit time, which is the
maximum number of packets which can arriv e at an output in
one unit of time. Fig. 1 shows such a concentrator.

We will consideronly full capacity concentrators in our per-
formance analysis, i.e., Q(n; m; v; w) because the minim um
complexity crosspoint structure for Q(n; m; v; w) is explic-
it y given in [14] whereas we have no explicit strucutres for
Q(n; m; v; w; c), c � mw, only bounds on the minim um cross-
point complexity. Thus when we analyze the performance in
the rest of the paper, we always assume that we know the
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Fig. 2: Late arriv al model.

minim um complexity construction for the concentrator. For
derivation of the bounds and the construction see[14].

B. QueueingModel
We now describe the input queued packet concentrator. As
stated earlier, a Q(n; m; v; w) cannot route more than mw
packets in a single slot. Thus if x � mw packets arriv e in a
single slot then the excessx � mw packets have to be stored
to prevent them from being dropped and hence reducing the
packet loss. We assumethat the excesspackets are stored at
the individual inputs at which they arriv e, i.e., a Q(n; m; v; w)
with excesspackets being queued at the individual inputs.

We consider a slotted discrete-time structure for the packet
arriv als, with time divided into equal length time slots. All
packets are also of equal length (called cells in ATM termi-
nology). We assumebulk arriv als throughout the rest of the
analysis. There are up to v cell arriv als in a time slot. The (up
to v) new arriv als in a slot can in concept be interpreted as
constituting a new batch arriving in that slot. We define some
terms which will be used throughout the following discussion:

Si
t Number of cells in the system at input i at the end

of time slot t .
St Number of cells in the system at all the inputs at the

end of time slot t , i.e., St =
P n

i =1 Si
t .

Qi
t Number of cells in input queue i (excluding those in

service) at the end of time slot t .
Qt Number of cells in all the input queues (excluding

those in service) at the end of time slot t , i.e., Qt =P n
i =1 Qi

t .
A i

t Number of cells in the batch arriving at input queue
i in time slot t .

A t Number of cells arriving at all input queuesin time
slot t , i.e., A t =

P n
i =1 A i

t .
D i

t Number of cells servicedat input queuei in time slot
t , i.e., number of cells leaving the i th input queue in
time slot t .

D t Number of cells serviced at all input queuesin time
slot t , i.e., D t =

P n
i =1 D i

t .
The following assumptions are used in the queueing model

for the concentrator:
1. The input queueshave unlimited storage capacity.
2. The input queues are emptied through the transmission

of the cells they contain. The total number of output
spacesvia which the cells are removed (i.e., the number
of servers in the queueing model for all the inputs com-
bined together) is equal to mw > 0.

3. Time is divided into fixed length intervals, referred to as
slots, such that one slot su�ces for the transmission of
w cells via each output link. The transmission of a cell
via an output channel of a queue starts at the beginning
of a slot and ends at the end of this slot. Cells cannot
leave the queue at the end of the slot during which they
arriv ed in the queue. This is referred to as the late arriv al
assumption. See Fig. 2. In this case, when a new cell
arriv es (say at the end of the l th slot) to find an empty
queue and its service begins in the next slot (i.e., the (l +
1)th slot), then the time spent in the queue is measured
from the (l + 1)th slot. So, in Fig. 2, if the cells in batch
A t � 1 arriv e to �nd an empty queue, i.e., Qt � 1 = 0, then
the cells from this batch which are serviced between time
instants t and t + 1 will have delay equal to 0.



4. New cells enter the input queuesaccording to independent
batch arriv al processeswith the maximum batch sizeequal
to v, i.e., not more than v new cellscan arriv e at an input in
any slot. The number of cells arriving in the input queue
i during consecutive slots are modeled as i:i:d: random
variables with a probabilit y distribution, characterized by
a generating function, denoted A i (z).

I I I. Queueing Anal ysis
We �rst derive the probabilit y generating functions for the
queue contents and cell delay

A. Systemand QueueContents
Using the preceding assumptions, the following equation can
be written for input bu�er i .

Si
t +1 = Si

t � D i
t + A i

t (1)

where 0 6 A i
t 6 v, Si

t > 0, Si
t > D i

t > 0; 8 i; t .

If the routing control can always concentrate k; (k 6 mw)
cells to the outputs when there are a total of k cells in all
the input bu�ers, then the concentration property is always
satisfied and we get a work-conserving nv � mw concentra-
tor. Since this concentrator always concentrates the maxi-
mum number of cells possible, it should give the lowest delay
and queuelength when compared with all other concentrators
which can concentrate upto mw cells in a slot. Specifically, for
the concentration property to be satisfied in a work-conserving
fashion, then

D t =
nX

i =1

D i
t = min( St ; mw) 8 t > 0 (2)

Using (1) and (2) we get

St +1 = max(0; St � mw) + A t

= Qt + A t
(3)

Here Qt = max(0; St � mw) are the cells waiting in the queue
(excluding those in service) in slot t , asde�ned in Section I I.B.
This expression is apparent from the late-arriv al assumption
stated in Section I I.B. Let lim t !1 Pr( St = k) = � k denote
the steady-state probabilities for the distribution of St

1 We
define the probabilit y generating function p.g.f.

St (z) =
1X

k =0

� k zk = E
h
zS t

i
= E

h
zS t +1

i

= E
h
zmax(0 ; S t � mw )

i
E

h
zA t

i
(4)

since St and A t are independent. Since we are analyzing the
steady state probabilities of St , A t and Qt , we will refer to
lim t !1 St , lim t !1 A t and lim t !1 Qt as S, A and Q and the
steady state, i.e., t ! 1 limits of the p.g.fs Sk (z), A k (z) and
Qk (z) as S(z), A(z) and Q(z) respectively. Taking the limit
(t ! 1 ) on both sides in (4)

S(z) = E
h
zmax(0 ; S � mw )

i
E

h
zA

i
(5)

Now using (5) we get

S(z) =

 
mw � 1X

j =0

� j z0 +
1X

j = mw

� j zj � mw

!
nvX

j =0

Pr(A = j )zj (6)

Since in our casePr( A > nv) = 0, the summation in the
third term only goes upto nv.
Set A(z) =

P nv
j =0 Pr( A = j )zj as the p.g.f. for the arriv al

processA. Contin uing from the previous expression,

1The steady state exists if E[A ] < mw . See(14).

zmw S(z) =

 
mw � 1X

j =0

� j zmw +
1X

j = mw

� j zj

!

A(z)

=

 
mw � 1X

j =0

� j zmw + S(z) �
mw � 1X

j =0

� j zj

!

A(z)

(7)

Grouping the terms for S(z) and A(z), we obtain the p:g:f :
for the steady-state queue size:

S(z) = A(z)

P mw � 1
j =0 � j

�
zmw � zj

�

zmw � A(z)
(8)

This is a standard approach in queueing analysis (see, for ex-
ample [16]). Now (3) implies S(z) = A(z) � Q(z). Thus, Q(z)
can be written as

Q(z) =

P mw � 1
j =0 � j

�
zmw � zj �

zmw � A(z)
(9)

Equation (9) contains mw unknown constants � j for 0 6 j 6
mw � 1. These can be determined by invoking the analyticit y
of S(z) and Q(z) inside the unit disk of the complex z plane
and by using Rouch�e's theorem (seeApp endix 3.A in [16]).

Using Rouch�e's theorem, one can show that the character-
istic equation (CE), zmw � A(z), has exactly mw roots on and
inside the unit circle jzj = 1. Note that these mw roots must
coincide with those of the numerator becauseof the analytic-
it y of Q(z) in jzj 6 1. Now, A(z) is a polynomial of degreenv
(becausenot more than nv cells can arriv e in a single slot).
For a bu�ered (n; m; v; w)-concentrator, we have nv > mw.
Therefore, after canceling the mw factors in Q(z) and using
Q(1) = 1 =

� P 1
i =0 Pr (Q = i )

�
, we have

Q(z) =
nv � mwY

j =1

�
1 � zj

z � zj

�
(10)

where zj ; 1 6 j 6 nv � mw, are the roots of the CE,
zmw � A(z) = 0, outside the unit circle [17]. Bruneel and Kim
(section 4.1.2 in [16]) also give an expressionfor Q(z) in terms
of the mw roots inside and on jzj = 1, say z�

j ; 1 6 j 6 mw � 1
(and z = 1) as follows

Q(z) =
�
mw � A0(1)

� (z � 1)
zmw � A(z)

mw � 1Y

j =1

z � z�
j

1 � z�
j

(11)

where A0(1) = @A ( z )
@z

�
�
z =1

= E [A]. The model developed so
far corresponds to a GI/D/ mw queueing system. If the input
processis binomial, then the probabilit y distribution and the
generating function for A are

ak , Pr (A = k) =

 
nv
k

!

pk (1 � p)nv � k (12)

A(z) = E[zA ] =
nvX

k =0

ak zk = (1 � p + pz)nv (13)

Each batch of v arriv als at the input can be viewed to com-
prise v \spaces" or positions which the cells of that batch
occupy. Then for the binomial distribution described above,
the parameter p corresponds to the probabilit y that an arbi-
trary position is occupied in any batch at any input. With
A and A(z) as described in (12) and (13), the GI/D/ mw sys-
tem becomesa Binom/D/ mw system. A steady state for the
GI/D/ mw system exists only if

E[A] = A 0(1) < mw (14)

for the Binom/D/ mw system this becomes

nvp < mw ) � =
nvp
mw

< 1 (15)



where � is the normalized o�ered load.

Note that the p.g.f. A(z) in (13) can be written in terms
of � as

A(z) =
�

1 �
�mw
nv

+
�mw
nv

z
� nv

(16)

Therefore, taking the limit as nv ! 1 on both sides while
keeping � constant we get the limit

lim
nv !1

A(z) = e�mw ( z � 1) (17)

which is the p.g.f. for a Poisson process with parameter
�mw , i.e., A is a Poisson(�mw ) random variable.

The moments of the steady-state queue contents can be
easily obtained from (10) by calculating derivativ es on the
unit circle. Accordingly , the mean steady-state queue size is
given by

�Q =
nv � mwX

j =1

1
zj � 1

(18)

The mean queueing delay, Wq follows from Little's law:

E[Wq ] =
E[Q]
E[A]

(19)

Note that Wq is the delay encountered by the cell while it is in
the queuewaiting to be serviced. It doesnot include the delay
while the cell is being served. The total delay W , su�ered by
a cell is the sum of Wq and the time it takes to be served.
Since the service time is deterministic and equal to one, we
have

E[W ] =
E[S]
E[A]

=
E[Q] + E[A]

E[A]
= 1 + E[Wq ] (20)

Recall that S = Q + A;
�
from (3)

�
. Similarly , the variance

of Q and S is given by

V ar (Q) =
nv � mwX

j =1

1

(zj � 1)2 +
nv � mwX

j =1

1
(zj � 1)

(21a)

V ar (S) = V ar (A) + V ar (Q) (21b)

B. Probability Distributions and Tail Probabilities
The roots zj and z�

j in (10) and (11) can be easily calculated by
numerical techniques. The probabilit y mass function (PMF)
for Q can be obtained by taking the inverse z-transform of
(10) or (11). Similarly , we can get the PMF of S; f � i g ; from
the inversez-transform of A(z) �Q(z). It is easierand faster to
apply numerical inversion to (10) to get the PMF for Q. The
PMF for the system delay W can then be calculated from the
following relation derived in [17]

Pr(W 6 j ) =
mwX

i =0

� i Pr( A � 6 mwj )

+
mw ( j +1) � 1X

i = mw +1

� i Pr
�
A � 6 mw(j + 1) � i

�
(22)

where Pr( A � = i ) = Pr(A > i )=E[A] 8 i > 1.

This expression is true for service time equal to one slot
and geometric inter-arriv al times, and these conditions are
satisfied in our casefor the binomial arriv al process.

Although we can get the entire probabilit y distributions
for Q and S from the inverse z-transform of Q(z) and S(z)
respectively, usually it is of interest to get an estimate of the
tail of the PMFs for finding loss probabilities. This helps
in estimating the bu�er size for a given loss probabilit y and
input rate. Specifically, we can get closedform expressionsfor
the tail probabilities and of the queue contents and cell delay

without calculating the entire PMF. These formulas are easy
to evaluate and turn out to be extremely accurate.

The probabilities Pr(Q = n) can be determined, in prin-
ciple, by applying the inversion formula for z-transforms and
Cauchy's residuetheorem on Q(z) in (10) or (11). Other meth-
ods to do this include direct seriesexpansionor partial fraction
decomposition. We concentrate on the residue method here.
Using this method Pr( Q = n) is obtained as the negative sum
of the residuesof Q(z) � z� n � 1 in the poles of Q(z). It can be
seen,however, this sum is dominated, for large values of n by
the term associated with the pole of Q(z) with the smallest ab-
solute value. The poles of Q(z) are the roots of A(z) = zmw

outside the unit disk (f zj g in (10)) in the complex z-plane.
This equation can be shown to have the following properties :
if � < 1 , i.e., if the equilibrium condition for the steady-state
is met, then :

1. A(z) = zmw has exactly one real positive root, say z0 ,
larger than 1 and the multiplicit y of z0 is one.

2. A(z) = zmw has no roots outside the unit disk with
absolute value lessthan z0 .

3. No other root exists with absolute value equal to z0 if
A(z) is not a function of zM for someM > 1; M 2 Z,
such that gcd(M ; mw) > 1.

Pr( Q = n) is equal to the coe�cien t of zn in Q(z) which
can be obtained as the negative sum of residuesof Q(z) z� n � 1

in the poles of Q(z), zj ; j = 1; : : : ; nv � mw. From the pre-
ceeding discussion we can seethat the dominant term in the
expression for Pr( Q = n) (coe�icien t of zn in Q(z)) is the
residue of Q(z) z� n � 1 in the pole z0 . The characteristic equa-
tion, A(z) = zmw , can be solved numerically to get z0 easily.
Since z0 has multiplicit y one, the residue at z0 is equal to
lim z ! z0 (z � z0) Q(z) z� n � 1 . As a result, the tail probabilit y
of the queue contents is approximated by:

Pr( Q = n) ' � bqz� n � 1
0 ; (23)

bq = (1 � z0)
nv � mwY

j =1
z j 6= z0

1 � zj

z0 � zj
(24)

Here, bq = lim z ! z0 (z � z0) Q(z), is the residue of Q(z) at z0 .
Therefore, the probabilit y that the queue contents exceed a
given threshold Q0 obtained by summing (23) over appropri-
ate values of n, gives, for large n,

Pr( Q > Q0) '
bqz� Q 0 � 1

0

z0 � 1
(25)

IV. Theoretical and Simula tion Resul ts
To evaluate the performance of a Binom/D/ mw system sim-
ulation experiments were also done to verify the theoretical
results. The simulations were executed until the estimate of
the average cell queueing delay ( �Wq) and the average queue
length ( �Q) reached with probabilit y 0.95 a relativ e width
of the confidence interval equal to 5%. The estimation of
the confidence interval width was obtained by the replication
method [18]. The simulator was written in C. All the results
discussedbelow are for a concentrator with nv = 8. First we
focus our attention on the statistics for Q. The plot for the
theoretical value of mean queue delay �Q, is given in Fig. 3(a)
for di�eren t values of mw. Fig. 3(b) shows the plot for sim-
ulated values of �Q for comparison. Note that the x-axis has
been normalized to � = nvp=mw for easeof comparison be-
tween di�eren t mw. The theoretical values for the variance
of the queue size Var(Q) for di�eren t mw are shown in Fig.
4. We show only the values for large tra�ic loads (� > 0:8) as
at lower loads �Q, �Wq and Var(Q) have very low (< 1) values.
We note that the analytical and simulated results are in good
agreement. The in
uence of nv on �Q is shown in Fig. 5 for a
�xed mw = 4. The plot for nv ! 1 was obtained using the
Poissonp.g.f. in (17). The figure revealsthat, on the average,
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Fig. 3: Mean queue length, �Q, at various output capacities (mw ).
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Fig. 4: Calculated queue length variance, Var(Q).
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Fig. 5: Mean queue length variation with nv , mw = 4.

more bu�er spaceis occupied as nv gets larger, but the in
u-
ence of nv becomesnegligible as soon as nv gets su�cien tly
large. We can explain this phenomenon by considering the
variance of the arriv al processin terms of �

Var[A] = A 00(1) + A 0(1) � [A 0(1)]2 = nvp(1 � p)

= �mw (1 �
�mw
nv

)
(26)

This shows that the arriv al variance and hencethe congestion
in the input bu�er increaseswith nv but the rate of increase
reduces steadily as nv becomeslarger. Also, the increase is
most significant for large values of � and mw.

The queue size Q0 at which the tail probabilit y
�
Pr( Q >

Q0)
�

becomes10� 6 and 10� 9 for mw = 1; 3; 5 and 7 is
shown in Fig. 6(a) and Fig. 6(b) respectively. All these plots
are for nv = 8. From Fig. 6(a) we can obtain the bu�er size
(Q0 + mw) required to attain tail probabilit y of 10� 6 . For
instance if � = 0:9 the required bu�er size is given by 59,
45, 31 and 16 for mw = 1, 3, 5 and 7 respectively. These
values are calculated for the infinite bu�er capacity case. It
can be shown that these values accurately approximate the
loss ratio for finite size queues[16]. Specifically, these values
are slightly larger than the finite capacity casecell loss ratio
for high

�
� ' 0:5

�
tra�ic loads, whereasthe inverseholds true

at light loads.
Fig. 7 shows the probabilit y of having queue contents

greater than X ,i.e., Pr( Q > X ) versus the total required

bu�er spaceX + mw for di�eren t input loads � , here Pr( Q >
X ) is the exact probabilit y distribution function, not an ap-
proximation of the tail. We can seethat these results are al-
most identical to those in Fig. 6(a) and Fig. 6(b). This shows
that the tail approximation is extremely tigh t.

Now we focus on the delay characteristics of the concentra-
tor. The analytical and simulated mean cell queueing delay
�Wq is shown in Fig. 9(a) and Fig. 9(b) respectively for di�er-

ent values of mw. These figures show the same behavior for
�Wq as that for �Q. The tail probabilities of the queueing delay

Wq derived from (22) are shown for mw = 1 and mw = 3 are
given in Fig. 8(a) and Fig. 8(b). These curvescan be used to
characterize the delay jitter or the degreeof variabilit y in the
cell inter-departure times of the concentrator in terms of the
10� k quantile of the queueing delay, i.e., the value of X � such
that Pr( Wq > X � ) = 10� k . Such measuresare important for
quantifying performance of real-time streaming data lik e voice
and video.

As all these figures illustrate, the queue size and the cell
delay increase exponentially fast near the saturation region,
� = 1. As the bu�ers fill up fast near � = 1, the bu�er size
required to maintain a given loss probabilit y also increases.
We can also make the observation that the averagedelay and
queue size for a fixed � , decreaseas mw increases,which is
obvious considering that the total output capacity increases.

V. Conclusion and Future W ork
In this paper we gave a performance analysis for an input
queued packet concentrator with di�ering input and output
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Fig. 6: Bu�er size (Q0 ) vs. input load (� ) for a fixed probabilit y of loss.
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Fig. 7: Probabilit y of cell loss, Pr (Q > X ) for mw = 1; 3.
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Fig. 8: Tail probabilit y of cell queueing delay
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Fig. 9: Mean queue delay, �Wq , at various output capacities (mw ).

packet rates using the model for the sparse crossbar concen-
trators in [14] as a basis. The queueing model which assumed
i.i.d batch arriv als and deterministic work conserving service
wasshown to be equivalent to a GI [x] /D/ c discrete time queue-
ing system. It was also shown that this is the best possible
performance possible under the tra�c arriv al assumptions.
We analyzed the queueing model using probabilit y generating
functions and derived expressionsfrom which probabilit y dis-
tributions for the input queueoccupancy and packet delay can
be obtained for any independent arriv al tra�c pattern. Good
tail approximations for the probabilit y distributions were also
given along with an outline of the analysis when the service
takesmore than one time slot.

Although the concentrator model is based on a bu�ered
crossbar construction, we have not explicitly analyzed the
packet routing over such a fabric in this paper. We have
just assumedsuch a fabric is available and the functionalit y it
provides to give an analysis of the best possibleperformance.
The question of how to achieve this performance is left open.
As already mentioned, the crossbar fabric is asymmetric and
sparse, therefore, the constraints imposed by the crosspoint
structure will a�ect crosspoint availabilit y and in turn a�ect
the service seen by the packets. An analysis of the interac-
tion of the crosspoint structure and packet loss performance
can be investigated. Based on this analysis, and using the
best caseperformance outlined in this paper as a yardstick,
routing schemesover sparsecrossbars to achieve comparable
packet loss can be found. One such packet routing scheme
basedon polling is proposed in another paper [19] by the au-
thors of this paper.
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